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Crack in elastic body
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Problem formulation
Find u = (u1, u2), σ = {σij}, i, j = 1, 2, such that

− divσ = f in Ωγ , (1)

σ = Aε(u) in Ωγ , (2)

u = 0 on Γ , (3)

[u]ν ≥ 0, [σν] = 0, [u]ν · σν = 0 on γ , (4)

σν ≤ 0, στ = 0 on γ± , (5)

where [u] = u+ − u−, σν = σijνjνi, στ = σν − σν · ν
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Directions of investigation
1. Solvability of boundary value problems, solution
smoothness
2. Dependence on parameters, shape sensitivity analysis,
di�erentiability of energy functionals, invariant integrals
3. Optimal control problems
4. Smooth domain method. Fictitious domain method
5. Contact of elastic bodies of di�erent dimensions
6. Overlapping domain problems
7. Rigid inclusions in elastic bodies
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Thin rigid inclusions (unti-cracks)

R(γ) = {ρ = (ρ1, ρ2) | ρ(x) = b(−x2, x1) + (c1, c2), x ∈ γ}

Khludnev, Leugering (2010, 1012); Itou, Khludnev, Rudoy,
Tani(2012)
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Find u = (u1, u2), ρ0 ∈ R(γ), σ = {σij}, i, j = 1, 2, such that

−divσ = f in Ωγ, (6)

σ − Aε(u) = 0 in Ωγ, (7)

u = 0 on Γ, (8)

[u]ν ≥ 0, u− = ρ0, σ
+
ν ≤ 0, σ+

τ = 0 on γ, (9)

σ+
ν · [u]ν = 0 on γ, (10)∫

γ

[σν]ρ = 0 ∀ρ ∈ R(γ). (11)
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Thin rigid inclusions in plates
Khludnev (2012)
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Notations Spaces of in�nitesimal rigid displacements

L(γ) = {l | l(x) = a0 + a1x1 + a2x2,

ai = const, i = 0, 1, 2; x = (x1, x2) ∈ γ},
R(γ) = {ρ = (ρ1, ρ2) | ρ(x) = b(−x2, x1) + (c1, c2), x ∈ γ}

Set of admissible displacements

K = {(v, ϕ) ∈ H | [v]ν ≥ |[ϕν]| on γ; (12)

(v, ϕ)|γ− ∈ R(γ)× L(γ)}.
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Find functions u = (u1, u2),w, ρ0 ∈ R(γ), l0 ∈ L(γ),
σ = {σij},m = {mij}, i, j = 1, 2, such that

− divσ = F, −∇∇m = f in Ωγ, (13)

σ − Aε(u) = 0, m + D∇∇w = 0 in Ωγ, (14)

u = w = wn = 0 on Γ, (15)

[u]ν ≥ |[wν]| on γ, (16)

u = ρ0, w = l0 on γ−, (17)

−
∫
γ

[σν · u] +

∫
γ

[tνw]−
∫
γ

[mνwν] = 0, (18)

−
∫
γ

[σν · v] +

∫
γ

[tνϕ]−
∫
γ

[mνϕν] ≥ 0 ∀(v, ϕ) ∈ K. (19)
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Thin elastic inclusion without delamination
Find u = (u1, u2), σ = {σij}, i, j = 1, 2, w, such that

−div σ = f in Ωγ, (20)

σ − Aε(u) = 0 in Ω, (21)

wxxxx − g = [σν] on γ, (22)

u = 0 on Γ, (23)

wxx = wxxx = 0 for x = 0, 1, (24)

w = uν , [στ ] = 0 on γ. (25)
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Thin elastic inclusion with delamination
Khludnev, Negri (2012)
Find u = (u1, u2), σ = {σij}, i, j = 1, 2, w, such that

−div σ = f in Ωγ, (26)

σ − Aε(u) = 0 in Ωγ, (27)

wxxxx − g = [σν] on γ, (28)

u = 0 on Γ, (29)

wxx = wxxx = 0 for x = 0, 1, (30)

[uν] ≥ 0, w = u−
ν on γ, (31)

σ+
ν ≤ 0, σ+

ν [uν] = 0, σ±
τ = 0 íà γ. (32)
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K = {(u,w) ∈ H1
Γ(Ωγ)2 × H2(γ) | [uν] ≥ 0, w = u−

ν on γ},

Variational inequality

(u,w) ∈ K,

∫
Ωγ

σ(u)ε(ū− u)−
∫

Ωγ

f(ū− u)+ (33)

+

∫
γ

wxx(w̄xx − wxx)−
∫
γ

g(w̄ − w) ≥ 0 ∀ (ū, w̄) ∈ K.



Thin inclusions in elastic bodies with possible delaminations

Convergence of parameter to in�nity
Find uδ = (uδ

1, uδ
2), σδ = {σδ

ij}, i, j = 1, 2, wδ, such that

−div σδ = f in Ωγ, (34)

σδ − Aε(uδ) = 0 in Ωγ, (35)

δwδ
xxxx − g = [σδ

ν] on γ, (36)

uδ = 0 on Γ, (37)

wδ
xx = wδ

xxx = 0 for x = 0, 1, (38)

[uδ
ν] ≥ 0, wδ = uδ−

ν on γ, (39)

σδ+
ν ≤ 0, σδ+

ν [uδ
ν] = 0, σδ±

τ = 0 íà γ. (40)
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Limit problem

Rs(γ) = {l(x) | l(x) = c0 + c1x, x ∈ [0, 1]},

Kr = {(u, l) ∈ H1
Γ(Ωγ)2 × Rs(γ) | [uν] ≥ 0, l = u−

ν on γ}.

(u, l0) ∈ Kr,

∫
Ωγ

σ(u)ε(ū− u)−
∫

Ωγ

f(ū− u)− (41)

−
∫
γ

g(l− l0) ≥ 0 ∀ (ū, l) ∈ Kr.



Thin inclusions in elastic bodies with possible delaminations

Di�erential formulation I

Find u = (u1, u2), σ = {σij}, i, j = 1, 2, l0 ∈ Rs(γ), such that

−div σ = f in Ωγ, (42)

σ − Aε(u) = 0 in Ωγ, (43)

u = 0 in Γ, (44)

l0 = u−
ν in γ, (45)

[uν] ≥ 0, σ±
τ = 0, σ+

ν ≤ 0, σ+
ν [uν] = 0 on γ, (46)

−
∫
γ

[σν]l =

∫
γ

gl ∀l ∈ Rs(γ). (47)
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Di�erential formulation II

Find u = (u1, u2), σ = {σij}, i, j = 1, 2, l0 ∈ Rs(γ), such that

−div σ = f in Ωγ, (48)

σ − Aε(u) = 0 in Ωγ, (49)

u = 0 on Γ, (50)

[uν] ≥ 0, l0 = u−
ν on γ, (51)

−
∫
γ

[σν · u] =

∫
γ

gl0, (52)

−
∫
γ

[σν · ū] ≥
∫
γ

gl ∀(ū, l) ∈ Kr. (53)
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Convergence of parameter to zero
Find uδ = (uδ

1, uδ
2), σδ = {σδ

ij}, i, j = 1, 2, wδ, such that

−div σδ = f in Ωγ, (54)

σδ − Aε(uδ) = 0 in Ωγ, (55)

δwδ
xxxx = [σδ

ν] on γ, (56)

uδ = 0 on Γ, (57)

wδ
xx = wδ

xxx = 0 for x = 0, 1, (58)

[uδ
ν] ≥ 0, wδ = uδ−

ν on γ, (59)

σδ+
ν ≤ 0, σδ+

ν [uδ
ν] = 0, σδ±

τ = 0 on γ. (60)
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Limit problem
Find u = (u1, u2), σ = {σij},i, j = 1, 2, such that

−div σ = f in Ωγ,

σ − Aε(u) = 0 in Ωγ,

u = 0 on Γ,

[uν] ≥ 0, σ±
ν ≤ 0, [σν] = 0, σ±

τ = 0, σν[uν] = 0 on γ.
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Vertical and tangential displacements of inclusion
Khludnev, Leugering (2013)
Find u = (u1, u2), σ = {σij}, i, j = 1, 2, v, w, such that

−div σ = f in Ωγ,

σ − Aε(u) = 0 in Ωγ,

δ1wxxxx = [σν] on γ,

−δ2vxx = [στ ] on γ,

u = 0 íà Γ,

wxx = wxxx = vx = 0 for x = 0, 1,

[uν] ≥ 0, w = u−
ν , v = u−

τ , σ
+
ν [uν] = 0 on γ,

σ+
ν ≤ 0, σ+

τ = 0 on γ.
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Find u = (u1, u2), σ = {σij}, i, j = 1, 2, and
l0 ∈ Rs(γ), q0 ∈ R such that

−div σ = f in Ωγ, (61)

σ − Aε(u) = 0 in Ωγ, (62)

u = 0 on Γ, (63)

[uν] ≥ 0, l0 = u−
ν , q0 = u−

τ on γ, (64)

σ+
τ = 0, σ+

ν ≤ 0, σ+
ν [uν] = 0 on γ, (65)∫

γ

σ−
τ = 0,

∫
γ

[σν]l = 0 ∀l ∈ Rs(γ) (66)

Rs(γ) = {l(x) | l(x) = c0 + c1x, x ∈ (0, 1)}


